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aaAbstract In this paper, we give a survey of elliptic Kato classes. Next, we study
existence results to some singular elliptic problems, adapted to such Kato classes.
We end this paper by giving an asymptotic behavior for the solution of a singular
elliptic Dirichlet problem on a bounded domain of Rn ðnP 2Þ.
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This paper is a survey on some Kato classes of functions and some existence re-
sults to singular elliptic problems. More precisely, in the ﬁrst section, we give some
properties of the Green function of the Laplace operator D in a regular domain D
in Rn ðnP 2Þ. In particular, we establish many 3G-inequalities (see Zhao, 1986;
Kalton and Verbitsky, 1999; Selmi, 2000; Bachar et al., 2003). In Section 2, we
introduce the classical Kato classes (see Aizenman and Simon, 1982; Zhao,aud University. Production
.V. All rights reserved.
onsibility of King Saud
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46 H. Maˆagli1993) and the new ones (see Maˆagli and Zribi, 2005; Zeddini, 2003; Bachar et al.,
2002; Bachar et al., 2003; Bachar and Maˆagli, 2005). Next, we give many examples
of functions in Kato classes and some properties of these classes. In Section 3,
these Kato classes of functions are adapted to study some existence results to sin-
gular elliptic problems (see Bachar et al., 2002; Bachar et al., 2003; Bachar and
Maˆagli, 2005; Ben Othman et al., 2009; Maˆagli and Zribi, 2001; Maˆagli and Zribi,
2005; Zeddini, 2003). In the last section, we are interested in the asymptotic behav-
ior of the solution of a singular Dirichlet problem in a regular bounded domain in
Rn (see Ben Othman et al., 2009; Crandall et al., 1977; Lazer and Mckenna, 1991;
Zhang, 2005).
2. Green function
Let ðPtÞt>0 be the Gauss semigroup on ðRn;BðRnÞÞ:PtfðxÞ ¼ gt  fðxÞ ¼
Z
Rn
1
ð4ptÞn2 exp 
jx yj2
4t
 !
fðyÞdywhere f 2 BþðRnÞ; x 2 Rn and t > 0.
Let Gðx; yÞ ¼ R1
0
gtðx yÞdt ¼
R1
0
1
ð4ptÞn2
exp  jxyj2
4t
 
dt ¼ Cðn21Þ
4p
n
2
jx yj2n if
nP 3.
G is called the Green function of Laplace operator D in Rn. If D is a bounded
C1;1-domain in Rn, the Green function GD of D in D satisﬁes DGDð; yÞ ¼
dy;GDðx; yÞ ¼ GDðy;xÞ;GDðx; yÞ ¼ 0, if y 2 D; x 2 @D.
Let f; g : S! ½0;1, we denote by f  g if there exists a constant c > 0 such that
1
c
f 6 g 6 cf. For x 2 D; dðxÞ ¼ dðx; @DÞ denotes the distance from x to the
boundary @D. Note that maxða; bÞ  aþ b and minða; bÞ  ab
aþb for a; b > 0.
Theorem 2.1 (Zhao (1986)). We have on DD;GDðx; yÞ  Hðx; yÞ, whereHðx; yÞ ¼
log 1þ dðxÞdðyÞjxyj2
 
for n ¼ 2
1
jxyjn2 min 1;
dðxÞdðyÞ
jxyj2
 
for nP 3
8><>:
Example 2.1. Let B ¼ Bð0; 1Þ. The Green function GB is given byGBðx; yÞ ¼
Cðn21Þ
4p
n
2
1
jxyjn2  1½x;yn2
 
; nP 3;
1
4pLog 1þ ð1jxj
2Þð1jyj2Þ
jxyj2
 
; n ¼ 2;
8><>:
where ½x; y2 ¼ jx yj2 þ ð1 jxj2Þð1 jyj2Þ, for x; y 2 Bð0; 1Þ.
Let x 2 D and D1 ¼ y 2 D : jx yj2 6 dðxÞdðyÞ
n o
. Then we have the
following.
A survey of elliptic Kato classes and some applications for partial differential equations 47Lemma 2.2 (Maˆagli and Selmi (2002)).
(1) If jx yj2 6 dðxÞdðyÞ, then 3
ﬃﬃ
5
p
2
dðxÞ 6 dðyÞ 6 3þ
ﬃﬃ
5
p
2
dðxÞ and jx yj 6 1þ
ﬃﬃ
5
p
2
minðdðxÞ; dðyÞÞ
(2) If dðxÞdðyÞ 6 jx yj2, then maxðdðxÞ; dðyÞÞ 6 1þ
ﬃﬃ
5
p
2
jx yj
In particular, we have B x;
ﬃﬃ
5
p 1
2
dðxÞ
 
 D1  B x;
ﬃﬃ
5
p þ1
2
dðxÞ
 
.
Remark 2.3. Using this Lemma, we deduce the following properties:dðyÞ
dðxÞGDðx; yÞ 
min 1; dðyÞ
2
jxyj2
 
1
jxyjn2 6
1
jxyjn2 ; nP 3
min 1; dðyÞ
2
jxyj2
 
logð2þ dðxÞdðyÞjxyj2 Þ 6 log 2djxyj ; n ¼ 2
8><>:
If D is an C1;1-exterior domain in Rn, then we have (see Bachar et al., 2003)GDðx; yÞ  1jx yjn2 min 1;
kðxÞkðyÞ
jx yj2
 !
; nP 3
GDðx; yÞ  log 1þ kðxÞkðyÞjx yj2
 !
; n ¼ 2where kðxÞ ¼ dðxÞ dðxÞ þ 1ð Þ.
Example 2.2. Let B ¼ Bð0; 1Þc ¼ fx 2 Rn : jxj > 1g. Then we haveGBðx; yÞ ¼
Cðn
2
 1Þ
4p
n
2
1
jx yjn2 
1
½x; yn2
 !where ½x; y2 ¼ jx yj2 þ ðjxj2  1Þðjyj2  1Þ.
Remark 2.4. Let c : Rn n f0g ! Rn n f0g,x! xjxj2then GBðx; yÞ ¼ jxj2njyj2nGB cðxÞ; cðyÞð Þ.
Indeed, if c : X^! X is a M€obius-transformation, thenGbXðx; yÞ ¼ jc0ðxÞjn22 jc0ðyÞjn22 GX cðxÞ; cðyÞð Þ;
where jc0ðxÞj ¼ j det c0ðxÞj; x 2 bX.
Let Rnþ be the half space: R
n
þ ¼Rn10;þ1½¼fðx0;xnÞ 2Rn :xn> 0g; nP 1.
48 H. MaˆagliThe density of the Gauss semigroup on Rnþ is given by 
pðx; t; yÞ ¼ 1ð4ptÞn2 e
jxyj24t  ejxyj
2
4twhere x; y 2 Rnþ; t > 0; y ¼ ðy0;ynÞ.
Then the Green function of D in Rnþ is given by 8GRnþðx; yÞ ¼
Z 1
0
pðx; t; yÞdt ¼
Cðn21Þ
4p
n
2
1
jxyjn2  1jxyjn2 if nP 3
1
4pLog 1þ 4x2y2jxyjn2
 
if n ¼ 2
minðx; yÞ if n ¼ 1
>><>>:
3G-theorems:
(a) The classical one (Zhao, 1986). Let D be a C1;1-domain in Rn ðnP 3Þ
GDðx; zÞGDðz; yÞ
GDðx; yÞ 6 C0
1
jx zjn2 þ
1
jy zjn2
 !
:(b) A new 3G-theorem:
(i) Let D be a bounded C1;1-domain, then we have for x; y; z 2 D,
GDðx; zÞGDðz; yÞ
GDðx; yÞ 6 C0
dðzÞ
dðxÞGDðx; zÞ þ
dðzÞ
dðyÞGDðy; zÞ
 
(See Kalton and Verbitsky (1999) for nP 3 and Selmi (2000) for n ¼ 2.)
(ii) Let D be a C1;1-exterior domain, then we have for x; y; z 2 D (see Bachar
et al., 2003):
GDðx; zÞGDðz; yÞ
GDðx; yÞ 6 C0
minð1; dðzÞÞ
minð1; dðxÞÞGDðx; zÞ þ
minð1; dðzÞÞ
minð1; dðyÞÞGDðy; zÞ
 
(iii) Let D ¼ Rnþ, then we have for x; y; z 2 Rnþ (see Bachar and Maˆagli,
2005):
GRnþðx; zÞGRnþðz; yÞ
GRnþðx; yÞ
6 C0
zn
xn
GRnþðx; zÞ þ
zn
yn
GRnþðy; zÞ
 
C0 is a positive constant depending only on D.
3. Kato classes
3.1. Classical Kato class
Let D be a domain in Rn ðnP 2Þ. Aizenman and Simon (1982) introduced a Kato
class KnðDÞ as follows: q 2 BðDÞ is in the Kato class KnðDÞ if
A survey of elliptic Kato classes and some applications for partial differential equations 49lim
a!0þ
sup
x2D
Z
Bðx;aÞ\D
1
jx yjn2 jqðyÞjdy
 !
¼ 0; nP 3
lim
a!0þ
sup
x2D
Z
Bðx;aÞ\D
Log
1
jx yj jqðyÞjdy
 !
¼ 0; nP 2:When D is an exterior domain, Zhao (1993) introduced a Kato class K1n ðDÞ as fol-
lows: q 2 K1n ðDÞ if q 2 KnðDÞ andlim
M!þ1
sup
x2D
Z
ðjyjPMÞ
1
jx yjn2 jqðyÞjdy
 ! !
¼ 0; nP 33.2. New Kato class
Let D be a C1;1-domain with @D compact. Using Remark 2.3, we introduced (see
Maˆagli and Zribi, 2005; Zeddini, 2003) a new Kato class KðDÞ as follows:
q 2 BðDÞ is in KðDÞ iflim
a!0þ
sup
x2D
Z
Bðx;aÞ\D
qðyÞ
qðxÞGDðx; yÞjqðyÞjdy
 !
¼ 0where qðxÞ ¼ minð1; dðxÞÞ.
If D is an exterior domain, the new Kato class K1ðDÞ is deﬁned (see Bachar
et al., 2003) by q 2 KðDÞ andlim
M!þ1
sup
x2D
Z
ðjyjPMÞ\D
qðyÞ
qðxÞGDðx; yÞjqðyÞjdy
 !
¼ 0For D ¼ Rnþ; q 2 K1ðRnþÞ iff q 2 BðRnþÞ andlim
a!0þ
sup
x2Rnþ
R
Bðx;aÞ\Rnþ
yn
xn
GRnþðx; yÞjqðyÞjdy
 !
¼ 0
lim
M!þ1
sup
x2Rnþ
R
ðjyjPMÞ\Rnþ
yn
xn
GRnþðx; yÞjqðyÞjdy
 !
¼ 0
8>>><>>>:
(See Bachar et al., 2002; Bachar and Maˆagli, 2005.)
Example 3.1
(1) Let D be a C1;1-bounded domain.
(a) qðxÞ ¼ 1
dðxÞk ; q 2 KðDÞ () k < 2. If 1 6 k < 2, then q R KnðDÞ; nP 3.
(b) Let p > n
2
, then for each k < 2 np, we have 1dð:Þk LpðDÞ  KðDÞ. Let
D ¼ Bð0; 1Þ and q be a Borel radial function in D then q 2 KðDÞ ()R 1
0
rð1 rÞjqðrÞjdr <1.
50 H. Maˆagli(2) Let D be an C1;1-exterior domain in Rn ðnP 3Þ. The function
x! 1ðjxjþ1ÞlkdðxÞk 2 K1ðDÞ () k < 2 < l.
(3) The function x! 1ðjxjþ1Þlkxkn 2 K
1ðRnþÞ () k < 2 < l.3.3. Some properties
Let D be a C1;1 domain in Rn ðnP 3Þ with @D compact or D ¼ Rnþ and
q 2 K1ðDÞ. Then we have
(1) x! qðxÞ dðxÞðjxjþ1Þn1 2 L1ðDÞ
(2) x! VqðxÞ ¼ RD GDðx; yÞqðyÞdy 2 C0ðDÞ ¼ ff 2 CðDÞ : limx!@1Df ðxÞ ¼ 0g
(3) Put for q 2 K1ðDÞ; kqkD :¼ supx2D
R
D
dðyÞ
dðxÞGDðx; yÞjqðyÞjdyaq :¼ sup
x;y2D
Z
D
GDðx; zÞGDðz; yÞ
GDðx; yÞ jqðyÞjdy
Then we have 0 6 aq 6 2C0kqkD < þ1
(4) Let q 2 K1ðDÞ. For any nonnegative superharmonic function v inD, we have:Z
D
GDðx; yÞjqðyÞjvðyÞdy 6 aqvðxÞ; x 2 D:4. Applications
1. Consider the following nonlinear singular elliptic problemðPÞ
Du ¼ uð; uÞ in D ðin the sense of distributionsÞ
uj@D ¼ 0
lim
jxj!þ1
uðxÞ ¼ 0 ðwhenever D is an C1;1  exterior domain or
D ¼ Rnþ; nP 3Þ
u > 0
8>>>><>>>>:
We aim to prove that (P) has a unique continuous solution in D.
History of the problem (P)
Let X be a C1;1-bounded domain in Rn ðnP 2Þ and 0 6 a 2 CalocðXÞ;
g 2 C1ð0;1Þ; g0 6 0 and gð0þÞ ¼ þ1.
The existence of a classical solution of the following problemð1Þ
Du ¼ aðxÞgðuÞ in D
uj@D ¼ 0
u > 0
8><>:
A survey of elliptic Kato classes and some applications for partial differential equations 51was studied by many authors. For instance, Crandall et al. (1977) considered the
case a 	 1, Lazer and Mckenna (1991) assume that a
dðxÞk 6 aðxÞ 6 bdðxÞk ; 0 < k < 2
and gðuÞ ¼ urðr > 0Þ.
Zhang (2005) considered the case 0 6 aðxÞ 6 b
dðxÞk ; k < 2.
These authors showed that (1) has a unique solution u 2 C2þaðXÞ \ CðXÞ.
In the next Theorem, we generalize their result.
We suppose that
(H1) u : D ð0;þ1Þ ! ½0;þ1Þ is a non-trivial measurable function, continu-
ous and nonincreasing with respect to the second variable.
(H2) 8c > 0;uð; cÞ 2 K1ðDÞ.Theorem 4.1. Under ðH1Þ and ðH2Þ, problem (P) has a unique solution in C0ðDÞ.
Idea of the proof: Let k > 0 and consider the following problemðPkÞ
Du ¼ uð; uÞ in D ðin the distributional senseÞ
uj@D ¼ k
lim
jxj!þ1
uðxÞ ¼ k ðwhenever D is an exterior domain or
D ¼ Rnþ; nP 3Þ
u > 0
8>>>><>>>>:
Let b ¼ kþ kV uð:; kÞð Þk and K ¼ u 2 Bþb ðDÞ : k 6 u 6 b
 
.
We deﬁne the operator Tu ¼ kþ V uð; uÞð Þ, for u 2 K. We show that T : K! K
is compact. Hence by the Scha¨uder ﬁxed point theorem, ðPkÞ has a unique solution
uk in K satisfyinguk ¼ kþ
Z
D
GDðx; yÞuðy; ukÞdyNext we show that uk 2 CðDÞ and using the complete maximum principle, we ob-
tain 0 6 ul  uk 6 l k, for 0 < k 6 l. This implies the map k! uk is nonde-
creasing on ð0;1Þ.
Put u ¼ infk>0uk ¼ supk>0ðuk  kÞ, we deduce that u is a continuous solution of
(P). The uniqueness follows by the maximum principle.
2. Let D be a bounded C1;1 domain in Rn ðnP 3Þ and consider the following
problemðQÞ
Duþ fð:; uÞ ¼ 0 in D n f0g ðin the sense of distributionsÞ
uj@D ¼ 0
u > 0
uðxÞ
x!0 cjxjn2 ðc small > 0Þ
8>><>>:
52 H. MaˆagliHistory: The existence of inﬁnitely many singular positive solutions of the prob-
lem (Q) has been established, by Zhang and Zhao (1998) for the special nonlinear-
ity fðx; tÞ ¼ pðxÞtl ðl > 1Þ, where the function x! pðxÞjxjðn2Þðl1Þ 2 KnðDÞ.
This problem was also studied by Kalton and Verbitsky (1999) by a different
method.
Here we require the following hypotheses on f
(H1) f is a Borel measurable function in D ð0;1Þ, continuous with respect to
the second variable.
(H2) jf ðx; tÞj 6 tqðx; tÞ, where q 2 Bþ D ð0;1Þð Þ nondecreasing with respect
to the second variable such that limt!0þqðx; tÞ ¼ 0
(H3) The function x! qðx;GDðx; 0ÞÞ 2 KðDÞ.
Then we establish the following (see Maˆagli and Zribi, 2005).
Theorem 4.2. Assume (H1)–(H3). The problem (Q) has inﬁnitely many solutions.
More precisely, there exists b0 > 0 such that for each b 2 ð0; b0, there exists a
solution u of (Q) continuous in D n f0g and satisfying:uðxÞ  dðxÞjxjn2 8x 2 D n f0gandlim
jxj!0
uðxÞjxjn2 ¼ bcnwhere cn ¼ Cð
n
21Þ
4p
n
2
.5. Asymptotic behavior
Let D be a C1;1-bounded domain in Rn ðnP 2Þ. We return to problemðP0Þ
Du ¼ aðxÞgðuÞ in D
uj@D ¼ 0
u > 0
8><>:
where,
(i) a 2 CalocðDÞ \ KþðDÞ
(ii) g : ð0;þ1Þ ! ½0;þ1ÞC1; g0 6 0 and limt!0þ gðntÞgðtÞ ¼ nc; cP 0 and
(iii) Suppose that limdðxÞ!0
aðxÞ
hðdðxÞÞ ¼ c0 > 0, where h : ð0; gÞ ! ð0;þ1Þ is continu-
ous, nonincreasing such that hð0þÞ ¼ þ1. Let p be the local solution of
p00ðtÞ ¼ hðtÞgðpðtÞÞ
p > 0; pð0Þ ¼ 0; 0 < t < g
	
. Then we have the following
A survey of elliptic Kato classes and some applications for partial differential equations 53Theorem 5.1 (Ben Othman et al. (2009)). The solution u of ðP0Þ is in
C2þaðDÞ \ CðDÞ and satisﬁeslim
dðxÞ!0
uðxÞ
pðdðxÞÞ ¼ c
1
cþ1
0 :This result improves those of Crandall et al. (1977) which they considered the
case a 	 1 and showed that uðxÞ  pðdðxÞÞ. In particular they proved that
uðxÞ  dðxÞ 2cþ1 if gðuÞ ¼ uc; c > 1.
Lazer and Mckenna (1991) showed for aðxÞ  dðxÞk; 0 < k < 2, that
c1dðxÞ
2
cþ1 6 uðxÞ 6 c2dðxÞ
2k
dþ1.
On the other hand, Zhang (2005) showed the same result in Theorem 5.1, when
gð0þÞ ¼ þ1; 0 6 aðxÞ 6 c
dðxÞk ; 0 < k < 2 and limt!0þ
hðntÞ
hðtÞ ¼ nh; 0 < h < 2
Example 5.1. Let D be a C1;1-bounded domain in Rn ðnP 2Þ. Consider the
following problemðÞ
Du ¼ aðxÞur in D
uj@D ¼ 0
u > 0
8><>:
where 0 6 r < 1; a 2 CalocðDÞ and aðxÞ ¼ dðxÞk1 log 2ddðxÞ
 k
with 0 < k < 1.
The solution of p
00ðtÞ ¼ tk1ðlog 1t Þk pðtÞð Þr
p > 0; pð0Þ ¼ pð1Þ ¼ 0:
	
is given by pðtÞ ¼ t log 1t.
Then, the solution of ðÞ satisﬁes:lim
dðxÞ!0
uðxÞ
dðxÞ log 1dðxÞ
¼ 1 and uðxÞ  dðxÞ log 2
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